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Thermoelastic effects at low temperatures and quantum limits in displacement measurements
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The displacement fluctuations of mirrors in optomechanical devices, induced via thermal expansion by
temperature fluctuations due either to thermodynamic fluctuations or to fluctuations in the photon absorption,
can be made smaller than quantum fluctuations, at the low temperatures, high reflectivities, and high light
powers needed to readout displacements at the standard quantum limit. The result is relevant for the design of
guantum-limited gravitational-wave detectors, both “interferometers” and “bars,” and for experiments to
study directly mechanical motion in the quantum regime.
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I. INTRODUCTION phire, which on the other hand may be the material consid-
ered forcold mirrors in connection with advanced configu-

In a recent paper Braginsky, Gorodetsky, and Vyatchanimations of interferometric gravitational-wave detectors, under
[1] (BGV) considered the noise in interferometric study as LCGT[7], LIGOIIl [4], and EURQ[8].
gravitational-wave detectors due to thermoelastic fluctua- The BGV effects would be of concern for very sensitive
tions of the mirrors attached to the test masses of the intedisplacement sensors based on high-finesse Fabry-Perot
ferometer. These thermoelastic fluctuations have contribueavities, to be used in connection with bar detectors of gravi-
tions from two independent processes, both acting via théational waves as dual cavity transducgd$or to study the
thermal expansivity of the mirror substrate material. The firsguantum effects of radiation pressuil®—12. In both cases
one is thethermodynamidluctuations in temperature of the the cavities are much short@ess than a few centimetgrs
body of the mirror substratéhese, in the approximation of than in a gravitational-wave interferometer, the beam spots
small thermal expansion, are independent from the thermasmaller ,=10"2 cm), finesses much largetA= 10°), and
dynamic fluctuations in volume, which are responsible fortemperatures as low aé<1 K. It may appear from BGV
the well studiedhermalor Browniannoise[2]). The second results that the thermoelastic effects would generate particu-
one is thephotothermaltemperature fluctuations due to the larly large effects, inasmuch the volume involved in the fluc-
fact that the number of photons absorbed by the mirror fluctuation processes would be correspondingly smaller.
tuates. For these reasons, it is of interest to explore what would

BGV results for the thermodynamic noise, obtained forbe the behavior of both thermoelastic effects in the low tem-
half-infinite mirrors, have been extended to the case of finiteperatures and small beam spot regimes, where some BGV
size mirrors[3], with particular reference to the design of assumptions break down. In particular, the heat diffusion
advanced interferometric gravitational-wave detectors, suclengthl, depends on the temperature and can become larger
as the Laser Interferometric Gravitational Wave Observatoryhan the laser beam spot dimensigy so that the adiabatic
(LIGOI) [4]. In both cases the calculations are concernedpproximation is no longer valid.
with mirrors at room temperature, made of materials used for In Sec. Il we give the essentials of the regime of phonons
mirror substrates as fused silica and sapphire, with km-lon@nd heat propagation, which is established at low enough
Fabry-Perot cavities, which are characterized by laser beatemperatures, and we evaluate the thermoelastic noises with
spots of sizero=1 cm and comparatively low finess€  a simple calculation, in relation to the beam spot size and to
=100, and with characteristic frequencies 100 Hz, for the the frequencies at which the optomechanical device is most
mechanical motion to be monitored optically. sensitive.

There are a number of situations, at variance with the In Secs. Ill and IV we give an exact calculation of both
above, which are of interest for optomechanical devices. Inhermoelastic effects in the whole region of interest—that is,
such situations one or both of the thermoelastic fluctuationfor any value of the ratid,/ry. The results, under the as-
effects may be of concern, when one would like to reach, irsumptions of the low-temperature regime of Sec. Il, would
the measurements of small displacement, the so-catistt  directly apply to actual mirrors for the quoted optomechani-
dard quantum limit(SQL) [5,6]. Already for LIGOIl, BGV  cal devices. We also relate in a general way the photothermal
seem to discourage, in favor of fused silica, the use of sapoise to the displacement noise induced on the mirror by the

quantum fluctuations of radiation pressure in the cavity.
In Sec. V we discuss the limitations and relevance of our
*Visiting at Ecole Normale Supeeure, Laboratoire Kastler Bros- approach in the design of SQL optomechanical displacement
sel, Paris, France. devices.
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Il. HEAT PROPAGATION AT LOW TEMPERATURES TABLE I. Thermal properties of fused siliddop) and sapphire

. . . (bottom) at different temperatures. The thermal expansion coeffi-
Let us assume the optomechanical device to work in SOM@ient o thermal conductivityx, thermal capacityC, and phonon

frequency range centered around a frequehend let US  mean free path are derived from{1] at room temperature and
discuss the photothermal effect. We reexamine the calculgrom [13-15 at low temperatures. The thermal lenggfat 1 kHz is
tion of BGV in the following way, so as to use it to see the gptained from Eq(2).

regime which sets up at low temperatures.

The multilayer coating of the mirror absorbs a small frac- (@
tion of the light power and this induces an inhomogeneous$ysed silica 300 K 10 K 1K
increase of the temperature of the bulk. The absorbed powet
is a Poisson-distributed random variakilee statistics of the @ (K™% 55107 —26x107  —2.6x10
absorbed photon will be discussed in more detail in Seg,. IV « (W/mK) 14 0.1 2107
and these fluctuations lead to thermal fluctuations in the bulle (3/Kg K) 6.7X10° 3 3x10°°
of the mirror. They are consequently responsible for fluctua: (m) 8x10°1° 8x10°® 9x10°°

tions of the position of the reflecting face of the mirror, via

. ; . 9x10°7 6x10°¢ 3x10°8
the thermal expansion of the mirror material. alk (M) 3.9<10 2.6x10 1.3<10

The rms displacement noise of the mirror end fate, e (m) 3x10°° 1.2x107 17x107F
=zaAT, is found by evaluating the rms fluctuation in tem- (b)
peratureAT, in a volumeV of the mirror of thicknesg, Sapphire 300 K 10 K 1K
linear thermal expansion coefficiea{T), and specific ther-
mal capacityC(T), as the absorbed photon flmluctuates, @ (K™ 5X10°° 5.8<10 % 5.8<10°*
x (W/mK) 40 4.3x10° 4.3
fiwoAn C (J/KgK) 7.9x 107 8.9x 10?2 8.9x10°°
AZ—ZapC—V, @D A m 5x10°° 2.2x10°3
al k (MIW) 1.2x1077 1.4x 10713
wheref wg is the energy per photoyn= ﬁ is the rms [, (m) 1.1x10°4 0.11

Poissonian fluctuation of the number of photons absorbed

over the time 1ff (n is the average absorbed photon jlux

andp is the density of the mirror materiak (axis is taken ~WhereS,ps=7% woWaps is the spectral power noise of the ab-

normal to the plane face of the mirjor sorbed light, withW,,s=% won the average absorbed light
At room temperature and for large beam spots, BGV conpower. In fact we see that E@4) is the same final BGV

ditions apply: the phonon mean free path and relaxatiomelation(Eqg. (8) of [1]), apart from a term with the Poisson

times are very small, respectively, in comparison to the mir+atio of the mirror material and numerical factors.

ror coating thicknes$where the photons create the phonons The condition(3) may break down for small beam spot

in the absorption procesand in comparison with the char- radiusr or for low temperaturdl, as the thermal diffusion

acteristic time 1f. The thermal diffusion length at frequency length gets longer, either in the mirror substrate or in the

f is given by mirror coating or in both.
For mirrors substrates of crystalline materials, such as
[ & specifically sapphire, for a frequenéy=1 kHz, the thermal
= ’ﬁv 2 lengthl,s in the substrate at low temperature becomes of the

order of 10 cm, to be compared with a room temperature

where « is the thermal conductivity. For a frequendy Valuel(300 K)=10"7 cm (see Table)l Then at low tem-
around 100 Hz|, is on the one hand larger than the coatingPerature we rather have

thicknessz; and on the other hand much smaller than the

beam spot radiusy: lts=To, 5

z.<1,<rp. () at all frequencies below some 1 kHz, both for mirrors of
gravitational-wave interferometer$or which ro=1.5 cm
This is the basic BGV approximation, which states that theand for optomechanical sensoffor which ro=<3x10"2
volume involved in the fluctuating thermal expansion effectcm). This value forl stays constant in the whole regidn
is the fraction of the mirror substradé=1,r2 and thus one <10 K, as crystalline materials follow DebyE’ laws for
hasz=I, in Eq. (1). a(T), C(T), and«(T), and thus their ratios are all indepen-
This argument reproduces the essential features of thdent ofT.
BGV spectral densityS,[f] of photothermal displacement  High-reflection coatings are typically 40 layers one quar-

noise, as one may write, around the frequefcy ter wavelength thick of alternating amorphous materials such
as TiO, and SiQ, with a total thickness,=10"2 cm for
A 72 o ZSabs Nd-Yag laser light. For such a coating, the breakdown tem-
Sz[f]zT: 3 (4) perature for Eq.3) is different for mirrors of large-scale
pCrgy) f interferometers and for mirrors of high-finesse cavities, be-
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cause of the difference iny. For LIGOIlI mirrors, for in- When we substitute in Ed7) the expressiorn2) for the
stance, taking Si@as the reference material for the coating, thermal length, we see a dramatic change of regime,
the thermal length, in the coating is of the order af, only

at very low temperatureT<1 K. Amorphous silica films [f]= Ps ZS )
would havel,.>10"2 cm for T<10 K, so that for high- Sdf]= Kkg) ~aps’

finesse cavities we havéd,;=r, in the whole low-

temperature region. where now thesubstratg thermal conductivityxs appears,

Despite this difference, there are two features of relevancistead of the thermal capacity, and the frequency depen-
which affect similarly the thermal behavior of the coating- dence has disappeared. In fact the system behaves as in the
substrate composite in both types of mirrors. In both caselw-frequency region of a low-pass filter, while, under BGV
we have that, at all low temperatures, the thermal lehgth conditions, it was rather in the high frequency region.
stays longer than the coating thicknelss>z., and that the We develop in the following sections a rigorous calcula-
mean free path ¢ of the phonons in the substrate is itself tion of the effects in the low-temperature regime, which
long, at least a fraction of a centimefds]. In a coating of a  gives in clear details the features grossly anticipated above
SiO, film even the phonon mean free path will be larger ~ and which can be directly applied to mirrors of interest for
than 102 cm, and thus\.>z., for T<1 K [16]. optomechanical devices, when the above thermal behavior of

Let us then consider how the thermal regime changes dhe coating-substrate system is realized.
sufficiently low temperaturesT(= 10 K). The heat delivered
by the absorbed photons in the volumz, of the coating 1. THERMODYNAMIC NOISE

crosses to the substrate in a time smaller thaf a5l In this section we determine the thermodynamic noise

=
>Z;. From the sgbstrate, ass=ro, _the the”.“a'.ph‘“.‘ons without any assumption on the ratig/r, between the ther-
thereby created will reenter the coating, heating it up in even

; . : mal diffusion length in the substrate and the beam spot size.
shorter time over distances;. This happens because the (Rur analysis is an extension of the procedure developed by

acoustic mismatch between coating and substrate is sMaliu and Thorne[3], but it is valid even when the adiabatic
[17], when densities and sound velocities are quite close. Thg1 proximation is not satisfied. According to E8), the con-

substrate thus acts as a thermal short for the coating in th ition |,<r, can actually be written as a condition over the

plane of the mirror end face: the coating and the substratﬁe uency f> x/oCr2. Our treatment is thus also valid for
will be practically isothermal over distances of the order of ' cauency.T.=«lptTo. SO
an angular frequencyw=2=f smaller than the adiabatic

the phonon mean free patkg in the substrate. Then the 7 ,
coating will contribute to the thermoelastic fluctuations with limit w. defined as
its thermal expansion coefficient;, but following the ther-

mal fluctuations of spectral densif; of the substrate. On

the other hand, at frequendy the volume of substrate in-

volved in the fluctuating heating will be of the order df

=13, where the thermal length is that in the substrate. So, As shown in the previous section we neglect any effects
including both the coating and the substrate, we write nowof the coating, taking only into account the thermal proper-

K

(©)

wWe= .
° pCrj

for the displacement spectral dens8y f], ties of the substrate of the mirror. We also neglect any finite-
size effects since we have shown that the volume of substrate
S f]=[(acze)*+ (aslis) 1St 1. (6)  involved in the fluctuating heating is usually smaller than the

size of the mirror, even at low temperature. We thus approxi-
According to Table |z, is at least one order of magnitude Mate the mirror as a half space, the coated plane face corre-
smaller thana4ls at low temperaturez,=10"% m andl,, ~ Sponding to the plane=0 in cylindrical coordinates.
=0.1 m). We can then neglect the expansion of the coatingf The analysis is based on a general formulation of the
over its thicknesg, and we find that the effect is dominated fluctuation-dissipation theorem, used by LeVir8] to com-

by the substrate properties: pute the usual thermal noigBrownian motion of the mir-
rors in a gravitational-wave interferometer. We know that in
2 an interferometer or in a high-finesse Fabry-Perot cavity, the
ds Sabs ; ; i i -
S,[f]= 5 i 7) light is sensitive to the normal displacement(z=0,,t) of
pCdts) 2 the coated plane face of the mirror, spatially averaged over

o . _ the beam profile. This averaged displacemeig defined as
This is the relevant result of our discussion of thermal be-

havior of the coating-substrate composite at low temperature, —r2Ig
in that now the temperature fluctuations involve compara- u(t):f d?ru,(z=0yr,t) > (10
tively large substrate volumes, instead of the comparatively 7o

small coating volume, where the actual absorption of pho- R
tons occurs. Notice that, were this not the case, one would@o compute the spectral densBy w] of the displacemeni
have of course very large effects just concentrated in that a given angular frequeney, we determine the mechanical
volume, the external surface of which is that where displaceresponse of the mirror to a sinusoidally oscillating pressure.
ments are going to be measured at SQL sensitivities. More precisely, we examine the effect of a pressh(e,t)
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applied at every point of the coated face of the mirror with oj; must satisfy the following boundary conditions on the

the same spatial profile as the optical beam, coated plane face of the mirror:
Fo 2 T, Az=01,)=P(r 1), (163
P(r,t)=—e "Mcogwt), (12)
7Tr0 O-ZX(Z: Oirlt):UZy(Zzoyrit)zoi (16b)
whereF is a constant force amplitude. We can compute the J(S8T)

energy Wy;ss dissipated by the mirror in response to this (z=0,r,1)=0. (160

force, averaged over a periodr2w» of the pressure oscilla-

0z

spectral density of the displacement noise is given by temperature afsee Eq(6.2) of [19]]
. 8|(BT Wiiss E
Silw]= o2 FZ (12 Uij=—(1_—20)a5T5ij

E

wherekg is Boltzmann’s constant. This approach has been - g g
o) | YT e i Y @D

used by Levin to compute the Brownian no[de]. We are
interested here in the thermodynamic noise so Vgl ) ) .
corresponds to the energy dissipated by thermoelastic hethere the strain tensar;; is equal toz (du; /9x; +du; /dx;).

flow. We solve perturbatively this system of equations at the
The rate of thermoelastic dissipation is given by the fol-first order ina. We first solve the static stress-balance equa-
lowing expressioiffirst term of Eq.(35.1) of Ref.[19]]: tion at the zeroth order i, neglecting the temperature term
in the right part of Eq(14) and in the expressiofl7) of the
ds s K 5 stress tensor. The solutief® of this equation is well known
Waiss=\ T47/ = f d*r £(VoT)7), (13 (paragraph 8 of19]). We then solve the thermal conductiv-

ity equation(15) using as a source term the solutiof? and
where the integral is on the entire volume of the mirror andwe obtain the temperature perturbatiéh(®) in the first or-
the brackety - - -) stand for an average over the oscillation der in a. The calculation o®, 5T and finally Wy;ss is
period 2m/w. Here ST is the temperature perturbation done in the Appendix. Using the results of this appendix, we
around the unperturbed valte induced by the oscillating show thatS;[ w] is equal to
pressureW;ss is then related to the time derivatigs/dt of T2
the mirror’s entropy, which depends on the temperature gra- N 2 2°B
dentV T Py P P 9 Sil0]=32a%(1+0)2 "1, (18)

To calculate the rate of energy dissipatidiy;ss, it is . o

necessary to solve a system of two coupled equations, théhere the integral is given by
first one for the displacemeni(r,t) at every pointr inside ) 2 22
the substrate and the second one for the temperature pertur- | = a f dk kie “'o
bation §T(r,t). As the time required for sound to travel (2m)3 YT R+ 0
across the mirror is usually smaller than the oscillation pe-
riod 27/ w, we can use a quasistatic approximation and dewith k? =kZ+kZ andk?=k? +kZ .
duce the displacement from the equation of static stress  We can expres§;[ w] as a function of an integral[ )]
balance[19], which depends only on a dimensionless varigblequal to

) wl o, where w,=a?/rZ corresponds to the adiabatic limit
V(V.u)+(1-20)Vu=-2a(1+0)VST, (14 [see Eq. 9 We get

(19

whereo is the Poisson ratio of the substrate i6 the linear 2

thermal expansion coefficignThe temperature perturbation S[w]= —a?(1+ )2 keT rOJ[Q], (20)
oT evolves according to the thermal conductivity equation V2 pCa?®
[19]

whereJ[ ] is derived from the integrdl by the transforma-
a(éT) —aET 9(V.u) tion of variablesu=k, ry andv=Kk,r:

————a?A(ST)= , (15)
at pC(1l—-20) ot \F . " u:%e—uZ/Z
wherea?=«/pC andE is the Young modulus of the sub-  JL41= ;fo dufﬁwdv (1 0d)[(U2+02)2+ 0]
strate p is the density, anc is the specific thermal capac- (22)
ity).
The solutions of Egs(14) and (15 must also satisfy When o> w, (i.e., O>1), we can neglect®+v? with

boundary conditions. If we approximate the mirror as a halfrespect to() in the denominator of the integral[ Q2] can
space, the temperature perturbati®h and the stress tensor then be calculated analytically and we obtain
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10 < 10
© .. BQ
S S
= S <
10—10 L 10710 )
10°° 1 10° 10°° 1 10°
Frequency o/o, Frequency o/o,

FIG. 1. Frequency dependence of the thermodynamic noise. The FIG. 2. Frequency dependence of the photothermal noise. The
frequencyw is normalized to the adiabatic limib,. The dashed frequencyw is normalized to the adiabatic limib,. The dashed
curve corresponds to the adiabatic approximation. curve corresponds to the adiabatic approximation.

JO>1]=1/02 (22 cally K[Q] which turns out to be equal to@F. Using the
definition of (2, we finally show thalS;[ w] is equal to
Using this result and the definition 6¥, we finally show that
S;[ @] is equal to

2 h oW,
Silo> o= aX(1+a)2— 0 (26
kT2 a2 T (pCriw)
S[o>w]=—a(1+0)°— ——. (23
V2 PC w3 This formula is identical to Eq8) of BGV [1].

For low values ofQ), K[(] can be calculated numeri-

This formula is identical to the expressi¢h8) of Ref. [3] cally. The result is shown in Fig. 2. As in the case of the
and to the expressiofi2) of BGV [1]. thermodynamic effec(Fig. 1), (=1 is a cutoff frequency:

For small values of), the integral[ 2] can be computed for ()>1 the function has a slope equal 42, whereas for
numerically. The result is shown in Fig. 1 where we have()<1 the function has a much smaller slope and is almost
plotted J[ Q2] as a function of) in logarithmic scale, fof) constant.
between 10° and 10. This figure shows thafl=1 is a This result is in perfect agreement with the simple deri-
cutoff frequency. Fo)>1 the curve has a slope equal to vation made in Sec. Il. The spectral dengiz#) can actually
—2, whereas fof) <1 the curve has a smaller slope of the be written as
order of —1/2. In this low-frequency range, the noise is
smaller than the one which would be obtained using the adia- 2 a2
batic approximationidashed curve in Fig.)1 S[w]= —(1+ 0)2(;) S.pK[Q], (27

o

IV. PHOTOTHERMAL NOISE
which is similar to Eq.(8) at low frequency wherd[(}]

We now briefly examine the case of the photothermal=1, apart from a term with the Poisson ratio. The frequency
noise which exhibits somewhat a similar frequency behaviodependence of the photothermal noise then corresponds to a
as the thermodynamic noise. We use the same method &sw-pass filter, with a cutoff frequency equal to the adiabatic
BGV [1] to calculate the spectral densi8j[ w] due to this limit w.. At low frequency—that is, when the thermal dif-
noise but we do not make any adiabatic approximation sdusion lengthl, in the substrate becomes larger than the beam
that the calculation is valid also for frequencies smaller tharspot radiug ,—one has a dramatic change of regime and the

the adiabatic limitw.. We then obtain photothermal noise is much smaller than the one which
would be obtained within the adiabatic approximation
2, , 1woWaps (dashed curve in Fig.)2
Sa[w]=;a (1+0) (M:T)ZK[QL (24) Another important point for the realization of opto-

mechanical sensors working at the quantum level is to com-
pare the photothermal noise to the displacements induced by

where the integraK[ (] is equal to the quantum fluctuations of radiation pressure of light. Quan-

) 2 tum effects can be made larger than the usual thermal noise
1 (= . u2e uc/2 ’ i . . )
Kiol=|=1 d d by decreasing the temperature and by increasing the light
[ ]_ 71_ u U 2 2 2 2 . . . B .
0 = (UP+0?)(UP+v +|Q)‘ power. This would not be convenient for photothermal noise

(25)  since the effect is proportional to the light power. BGV re-
sults show that for sapphire at room temperature the photo-
When 0> . the adiabatic approximation is valid and the thermal noise is of the same order as the standard quantum
result of BGV should be recovered. Indeed, whes1,we  limitin an interferometer. In a high-finesse cavity, hopefully,
can neglecu?+v? with respect tof) and calculate analyti- these two effects are related to quite different photon statis-
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tics. As a matter of fact, the displacementnduced by the diation pressure effects associated with the global motion of
radiation pressure of the intracavity field is related to theSuspended mirrors, which are the dominant contribution to
intracavity photon flux\, SQL at low frequency in gravitational-wave interferometers.
R We calculate the average displacemerinduced by the ra-
Ulw]= Xet @]Pradl ]=27ikxes @]N[@],  (28)  diation pressuréP,,q, assuming the mirror is a half space
_ ) (z=0). The normal displacement,(z=0y,t) of the coated
where Zik is the momentum exchange during a photon ré<ace of the mirror can be deduced from the results of para-
flection (k is the wave vector of light and y.¢; is an effec- graph 8 of[19]:
tive susceptibility describing the mechanical response of thé

mirror to the radiation pressur@,,4 [12]. The noise spec- 2hKN(t) e 1'2/r2
trum S;[w] induced by radiation pressure is thus propor- u,(z=0yr,t)= " —o'Z)J’ dzr’—,o.
tional to the spectral power noisg.,, of the intracavity Emro Ir—r’|
light, which for a resonant cavity ig2] (3D
2F Using the definition(10) of U, we obtain
Scal @] = mﬁwowcav, (29 o
W/ Weg, ~ o thN(t) ) ) J< i 42 /e*(r +r'9)Irg -
wherew.,, Is the cavity bandwidthF is the cavity finesse, ut)= Ew3r3 (1=0%) ra lr—r'| - (32

andW,,, =% wgN is the average intracavity light power. At
low frequency = w.,,) the intracavity photon flux corre- The integral can easily be calculated by using a new set of
sponds to a super-Poissonian statistics, the noise power beingriablesu=r—r’ andv=r+r’. We finally get
larger than the Poissonian spectral density by a factor of
2Flr [20]. 1-o?

On the other hand, the absorbed photons always corre- Xerl@]= ﬁ (33)
spond to a Poissonian statistics, even if it is not the case for T=lo
the intracavity photons. The spectral power ndgg; of the

absorbed light is given by and the noise spectruly[ ] induced by radiation pressure

fluctuations is equal to

Sabs:ﬁwowabs: Ar wOWcau ) (30 20\ 2
) 2(1—0°)
whereA is the absorption coefficient of the mirr¢the aver- Sile]= V2nEcrs Seasl @], (34)

age flux of absorbed photonsris= AN). This effect cannot
be understood within the framework of a corpuscular modelvherec is the speed of light.
in which the photon absorption is described as a Poissonian For all the displacement sensors considered in this paper
process: as a result of the super-Poissonian statistics of theRe characteristic angular frequenay is smaller than the
intracavity photons, one would find a super-Poissonian stacavity bandwidthw,,, . The noise spectrurs;[ ] is conse-
tistics for the absorbed photons. One has to take into accougently independent ab and equal to
the interferences between the intracavity field and the
vacuum fluctuations associated with the mirror losses. This ( 2(1_02))22]:
can be done by using a simple model where the absorption is Silo<weg,]=| ———| —hwoWeq,- (39
described as a small transmission of the mirror and where the \/ﬂEcro &
absorbed photons are identified to the photons transmitted b_}/ ) ) o
the mirror. One thus has a high-finesse cavity with two input-1 NiS €xpression shows that the radiation pressure effect de-
output ports and it is well known that the photon statistics of€Nds on the mechanical characteristics of the substeate (
the light either reflected or transmitted by such a cavity aréind o) whereas the photothermal noifigg. (27)] depends
always Poissonian, for coherent or vacuum incoming beam@n.the thermodynamic characterlst]cs of the substrate via the
[21]. ratio a/ k. At low temperatureK[ ] is of the order of 1 and

Equations(29) and (30) clearly show that both the radia- the ratioa/x is constant and equal to 4.0™** m/W for
tion pressure effect and the photothermal noise are propof@pphire(see Table)l E is equal to 4 10 J/n? and o is
tional to the intracavity light poweW,, ; however, the dis- equ_al'to 0.25 so that _the ratio between the photothermal and
placements induced by radiation pressure have an extr@diation pressure noises is of the order of
dependence on the cavity fineseThe photothermal noise Ar2
can thl_Js b(_acome neg.I|g|bIe as compared to quantum effects PYgd_ 5 5yl 0 (36)
for a high-finesse cauvity. utTu F

To perform a quantitative comparison between the two
effects, we calculate the susceptibilify¢; defined by Eq. For a 1 ppm absorption raté\& 10 °), a beam spot size,
(28). We determine here the mechanical response associatefl 10" % m, and a cavity finess& of 10°, the photothermal
with the internal degrees of freedom of the mirror, which arenoise is more than four orders of magnitude smaller than the
of interest for displacement sensors. We thus ignore the raadiation pressure effects of internal degrees of freedom of

082003-6



THERMOELASTIC EFFECTS AT LOW TEMPERATURE. . .

PHYSICAL REVIEW D 63 082003

TABLE II. Results for fused silica and sapphire at different 1/02J[ )], can be as large as 4@or sapphire at low tem-
temperatures, for a frequeney’2m=100 Hz and for a beam spot perature withr =1 cm and as large as or r,=10"2 cm

sizery=1 cm (top) and 102 cm (bottom. The thermodynamic
noise S;, (third lines is reduced as compared to its value obtained
within the adiabatic approximatiorifourth lineg by a factor

Q2J[Q] (second lines

@

(second lines in Tables lla and )b

We immediately see the impact for gravitational-wave in-
terferometers (=1 cm): for sapphire at low temperature,
the thermodynamic noise is more than four orders of magni-
tude smaller than for fused silica, so that the choice of the
material at low temperature would be just the opposite than,

ro=10"2m Fused silica Sapphire as in BGV, at room temperature. Furthermore, the thermo-
300 K 1K 300 K 1K dynamic noise at 100 Hz would be equal to B0 *°
m?/Hz for sapphire at low temperature, well below the noise
@ at room temperature (271042 m?/Hz for fused silica It
oJ2m (Hz2)  1.5x10°3 4.8 2x10°%  1.9x10° is also well below the SQL limit due to the external pendu-
Q2[Q] 1 0.74 098 1310 *  |um motion, equal to 3.8 10~ %! m?/Hz for a mirror mass of
S; (MP/Hz)  2.7x10 %2 3.4x10° % 15x10 % 2.6x10% 30 kg[1].
S; (adiabatig 2.7x10 % 4.6x10°% 15x10 % 2x10 % Similarly for optomechanical systems with smaller beam
spot size (,=10 2 cm), the thermodynamic noise can be
(b) made as small as 2810 ° m?/Hz by using sapphire at low
ro=10"*m Fused silica Sapphire temperature, to be compared to a noise larger thar®10
300 K 1K 300 K 1K m?/Hz at room temperature both for sapphire and fused
b) silica. It is worth noticing that this very low value is partly
o @ @ due to the reduction factor associated with the nonadiabatic-
‘*’02/277 (Hz) 15 4.8¢ 10 2x1 » 1.9¢ 10 ity which is of the order of 18. This noise can be compared
Q J[%] 0.51 o 3.5¢10 ; 6.4x 103 1.4x10 , tothe SQL limit due to the internal motion of the mirror,
Si (mYHz) 14107 1.6X 10:4 1><10—_4 2.8X 19_4 which is equal tof|yes]|=10"%2 m?/Hz [22]. At low tem-
S (adiabatig 2.7<107%° 4.6x10°%° 1.6x10 % 2x10°% perature, the thermodynamic noise is thus smaller than the

SQL limit so that optomechanical sensors as in RfsL0]

would be able to get to the SQL limit.

the mirror. The photothermal noise is thus negligible as com- Let us note that the thermodynamic noise for sapphire at 1

pared to quantum effects in optomechanical sensors. K is mostly independent of the beam spot size similar
Note that this is not the case in gravitational-wave inter-values are obtained for large spot sizes ¢16 *° m?/Hz

ferometers where,~10"2 m and F=100. The photother- for ro=1 cm) and small ones (2:810"*° m?/Hz for r,

mal noise is then two orders of magnitude larger than the= 102 cm). This result is due to the fact that, in contrast

quantum noise of internal motion. However, the interferom-With fused silica, the adiabatic approximation is not valid for

eter is not expected to be sensitive to this quantum noisé@Pphire whatever the beam spot size is, as long as it is

since for suspended mirrors it is overwhelmed by the quansmaller than a few centlmeters. The non-adiabatic condition

tum noise associated with external pendulum motion. w<w, can actually be written ag<«/pCw [see Eq(9)].

In this non-adiabatic regime, we have shown tHaf) ]

evolves as 1/Q which is proportional toJw. and then to

1/ro. The thermodynamic noise is proportional tgd[ ]

We have shown that both thermoelastic and photothermJIE%i(na%]rapedslet;higr:n%eepeonbigme%&for the photothermal

noises have a frequency dependence which looks like a low;qise We have shown that as long as the adiabatic condition
pass filter: below a cutoff frequenay,, these noises are s not satisfied, the noise mostly depends on the rafio
much smaller than the noise which would be obtained aCfEgs. (8) or (27)]. In particular it does not depend on the
cording to the 1b? dependence at high frequency. frequencyw or on the beam spot sizg. For sapphire at low
The first lines in Table II give the values of the cutoff temperature and for an average absorbed pogL~1 W
frequency w /27 for fused silica and sapphire, and for a of Nd-Yag laser light, the photothermal noise is then of the
beam spot size, of 1 cm (Table Ila and 102 cm (Table  order of 105 m%/Hz both for interferometers and optom-
lIb). The results show thai, is increased when the tempera- echanical sensors, well below the SQL limits of both the
ture decreaseghree orders of magnitude for fused silica and external and internal motions.
six orders of magnitude for sapphire when the temperature is Let us finally note that the results obtained above apply in
reduced from 300 to 1 K If we consider a typical frequency detail to an actual mirror system when the conditions de-
w/27 of 100 Hz, the adiabatic approximation is never valid scribed in Sec. Il are satisfied. In particular the interplay of
for sapphire at low temperature, whereas it is valid for fusedhe various characteristic lengtliphonon mean free path
silica only for large beam spot size. and thermal lengths at the frequencies of interest, both in the
We first focus on the thermodynamic noise whose valuesubstrate and in the coating, beam spot, coating thickness,
calculated from EQg.(20) are shown in the third lines of and mirror siz¢ must in the end allow, in some temperature
Tables lla and llb. The noise is smaller than the one whiclrange, that the thermal properties of the substrate dominate.
would be obtained within the adiabatic approximatidemst This may be not easy to achieve and thus our analysis
lines in Tables lla and Ilb The reduction factor, equal to may correspond to a somewhat idealized situation. At the

V. DISCUSSION AND CONCLUSION
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lowest temperaturef<0.5 K, the phonon mean free path in static stress balance equatidd) is given by a Green’s ten-
the coating gets of the order of its thickndas for an amor- sor [Egs. (8.13 and (8.18 of [19]]. The pressureP(r,t)
phous silica coating, see, for exampl&6]), while the time  applied on the coated surface of the mirror has only a com-
constants for phonon local equilibrium continue to stayponent along the normal axis and we obtain the following
smaller than 27/ both for the coating and the substrate. At expression for the displacement expans@{{=V -u(®:

first sight, it may appear that the equalization of coating ver-

sus substrate temperatures will be even more facilitated. 2(1+0)(1-20)

However, at some intermediate temperature below 10 K the Or,t)= fFOCOS{wt)

phonon mean free path in substrates like sapphire may get so

long so as to exceed the dimensions of the mirror. In this dkedky 1220 sk

case a morad hocmodel has to be considered, in which one X J We Lol kiztilloxtyy) - (AT)

specifies the details of the thermal link of the mirror to the
main heat sink. Similar care should be taken if the thermal .
length at the lowest frequency of interest is of the order of"”th k,= ka+ky' o o
the mirror size. Possibly in both cases the effect would be T© calculate the dissipated eneriyqiss it is useful to
smaller than predicted in this paper, because the characteri@balytically extend the pressure-induced expan€iéh for
tic times for thermal equilibrium in the mirror volume would Negative values atin such a way tgat it is an even function
get even shorter. In any case, so as to quote just one instan¥,Z Its spatial Fourier transforr® [ k,t] is then equal to
phonon mean free paths and thermal conductivigesl thus ) ) ‘
thermal lengths have strong dependences at low tempera- 4(1+o)(1-20 S
tures on the level of impurities, so that each experimental OOk t]= - E Focos(wt)ﬁe o,
configuration_may be a cager se _ ' . (A2)

In conclusion our results may be possibly of interest in
two respects: first because they let see promising the use gfith k2= K2+ k§+ k2.
low temperatures bo_th for grawtatlonal—wave interferometers | the same way, we analytically extend the temperature
and for optomecha}nlcal devices, s:econd becal_lse thgy may B@rturbationéT in the half space=<0 in such a way that
of help to study, in actual experimental configurations for(ﬂ—(l)(r,t) is an even function of. Using the Fourier trans-

SQL conditions, the role of the thermoelastic effects in re<5rm of the thermal conductivity equatiofi5) and the ex-
spect to choices of substrate materials, working temper Sression(A2) of 0@, we find thatsT[k,t] is equal to
tures, cavity finesses, mirrors losses, beam spot sizes, and ’ ’

laser powers. STM[k,t]=A[k]e'“'+c.c., (A3)
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Foe K04, (Ad)

W= o f d% K2(| sTW[ Kk, t]|?
APPENDIX 42T | (2m)? ([T t]]%)
In this appendix, we calculate the spectral denSiyw] 3
[Eq. (18)] of the spatially averaged displacemeninduced - ff dk k2| AK]|2. (AB)
by the thermodynamic noise. We approximate the mirror as T) (27)3

an infinite half spacez=0). At the zeroth order in the ther-
mal expansion coefficient, the solutionu(® of the quasi- Using Eq.(A4), we finally obtain
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Wy, This expression allows to determine the spectral density
ISs ~
=~ p—ca2(1+ 7)%w?l, (A7) S [w] of the displacemeni from the fluctuation-dissipation
0 theorem[Eq. (12)]. One gets the result given in the text by
where the integral is given by Eq. (18):
d3k azkf 2.2 ke T2
— —kTrn/2 B
= e “Lfo'~, (A8) Tw]=320%(1+ )2 .
f (27T)3 kZ(a4k4+w2) Su[w] 32 (1 0-) pC I (Ag)
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